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Forms of Iquilibrium of Coasts with a Littoral Drift"

By

Per Bruun*

ABSTRACT

It is shown that t'.h form of some coastal features where a littor-
al drift exists can be explained by the solution of a ver7 simple
differential ecation for the relationship between the intensity
of littoral drift and the deep water of the waves. Other beach
forms under les idealized conditions may be explained from a
similar relation. Different types of marine-forelands can be
explained as a result of refraction and diffraction in conneo-
tion with a lowering of the steepness ratio of the waves.

1. DE IION OF AN QMILTBRIUM COASTLINK

A ooastline has an equilibrium form when it maintains its geomtricul form.

2. =QUL3hRIW OF gOASTLINMS OF INFINI TH

2.1 The Coast is Nfusedb bW'vee, ndia ato the Coastline. Fig. 1
shows a strah sand or shingle-coast of infinite lengthe The direction
of wave propagation is as indicated. Under the conditions given, no
littoral drift can occur along the coast which is in stable equillbriu26

2.2 The Coast is Influenced by Waves Oblique to the Coastline. F1g.2 shows
a straiht sand or shingle coast of infinite length. The direction of
wave propagation is as indicated. The littoral drift at "wb must be
equal to the littoral drift at *a* and the coasts therefore, is in
stable equilibrium.

3I MRMlLItIK FORMS OF COASTIES WITH A FINTZ MGM(

3.1 A Straight Coast of LAmited Length. If in Fig. 2 the length of the
coast is limited from "d" to NO" it will be eroded. The erosion will
be greatest at "d" and will decrease towards "am. As a consequence of
this condition the coastline will be reoriented to "face" against the
wavOe

3.2 An Island or a Headland

3.21 Theoretical onsridsration. Fig. 3 shows an island, If the
MreIoon of wave propagation is not perpendicular to the coast..
line "a-b" or if the corners at "a" and "b" are not absolutey
sharp, erosion will begin.
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According to the theory of Munoh-Petersen the relationship be-
tween the littoral drift and the deep water angle oC can be illus-
trated by a vine Cuive (2, 8)! This theory is supposed to be re-
liable. The terms "zero point of littoral drift" and "mass cuve
of littoral drift" are introduced. A "zero point" (called "nodal
point" in the United States) is the point of a coastline, where the
resulting litora' drift, considering plus or minus signs which
correspond tr ne direction of the drift, is equal to zero. In
Fig. > point 0 is a nodal point. The "mass-curve of littoral
driftm, Fig. 49 is the curve which will result when in a right.
angled coordinate-system the length of the coast from the nodal
point is taken as absoisse. and as ordinate the quantity of material
(sand, gravel, eta.) which in a given period is eroded between the
nodal point and the point in question. The nodal point has thi co-
ordinates 0, . to je coast with length a. B cubic meters of
material are eroded. 03is equal to the erosion per meter of the
coastline. When the mla-curve is a straight line, is constant,

i.e. the eroded quantity per meor of the coast is the same at all
points, which again means thatAhe coastline maintains its form.
Fig. 5 shows a coastline with _ constant. This coas+, is composed

of the san sort of material (sand and gravel) everywhere end is
attacked by waves perpendicular to the coastline at the nodal point
o. The eroded material can pass freely at any point. From the
above it in noted that for the point x,,y, which is the distance a
from 0 on the coastline (Fig. 5)r

k * u m A sin4<0

where k is a constant. A can be identifiod as the wave-effect,
an .<' is the deep water angle of the waves. Solution of the
differential equation gives the curve,

xfn2 V(" .0:.O.)

These are equations of a Ycloid, with the diameter of ihe cor-
responding circle being . Naturally all equilibrium forms are
uniforbm

In Fig. 6v A inlines to the coastline. The form developing
is that given by the above equations between the angles (90- ;(o)T
end 900.

3.22 y l ex Several typical examples have been shown as
fcoI for ti~r location in Demwk., see Fig. 7)t

Example 1, Hundested, Sjaolland (Fig. 8) The actual nodal point can
be stated by means of the groins constructed at Kikhavn,
Exawle 23 the peninsula Skoven, Fyn, (Fig. 9)
mmle Is Barsoo (oe .1 island) (Fig. 10)

J e Numbers refer to references.
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ble , Bjornoe (Fig, 11)
E ~ le, Endelave (Fig. 12)
MZ---- FeJoe (Fig. 13)
1=3pe t Skagen Spit. the northernmost part of Jy2land (Jutland)

(FI1. 14). Figure 15 shows an aerial photograph of Skagen Spit
from 10,000 ft. The area of the photo is shown with dotted lines in
Fig. I4. Note the aand-cloud of material being transported in sus-
pension.

3.23 Development of an equilibrium ooautline in the laborator. Fig. 16
shows an equilibrium form developed in a laboratory bas in Copen-
hagen. Naturally it is impossible to imitate actual conditions and
the result can only be takea for granted for this special case. The
basin was 35 ft. long, 15 ft. wide,) with a water depth of 5 inches.
a wave characteristics were Lo s 4 ft.-4 in., No a 2in., i.e.

O.04. The median diameter of the sand, was 0.22 mm... and the

uniformity ocefficient (D60%/DlO%, in Denmark) was about 2. The
scale was Is20 corresponding to the shingle beaches along the Danish
sease

Several equilibrium forms were developed. Some of them showed
a tendency to form a bump at oo-40-5OO. The same condition has
been observed in recurved spits (see also Sections 3.32 and 3.33).

3.3 A BgZ
3.31 Theoretioal considerations. The condition shown in Pig. 17a and b

assumed that the island-form can be reversed to give a similar bay-
form by changing land and sea.

3.32 Troical ezawles. It is very difficult to find areas in nature where
a bay-shoreline like this can be investigated. The initital condition
must be an indentation with vertical sides and infinite length in one
direction. Fig. I. shows the bay of Vemmingbund in Demark (Erample
8 in Fig. 7). From the figure it will be seen that the coastline
deviates from the theoretical form between 400 and 700 - the actual
form having sharper corners. Fig. 19 shows Abbotts lagoon on the
Pacific Coast of the United States. Here we have the same deviation
from the theoretical form as in Fig. 18,

3.33 Som. speoial investliationa. In order to investigate the problem more
distintr.y, studies were conducted in two small oblong sand-bays in
the Niseum Inlet on the West Coast of 7i1lani (see Fig. 7, Nissum FQ).
The bays had a reasonable size in proportion to the wave length -
width 10.30 times the storm-wave length. The form of the shoreline
was measured every month during a period of about 2 years. Fig. 20
shows a characteristic measuremnt where the black points indicate the
shoreline. A groin was built in the nodal point to isolate the test-
area. Included in the figure is a theoretical equilibrium form, and
one can see that the theoretical form again has a shorter radius of
curvature than the actual between 40c and 700 angle of incidence.
The curvature is smallest between 400 and 500 which indicates that the
littoral drift probably has its maximm rate between 40 and 56O.

Other investigations by which the shorelin was maintained in the
theoretical position by means of gravel showed that deposits started



at about 20-250 angle of incidence, i.e., the littoral drift at
900 and at 2 20O was almst the sae. By measuring the length of
the shoreline from the nodal point at the groin (Point VII in Fig.
20) and the deep water angle, v o , it is now possible to establish
the relationship between the quantity of littoral drift andoCo as
shoim in Fig. 21.

According to the size of the bay considered in relation to the
waves thers can be only a slight differenoe between the conditions
aLong a straight coastline and at the bay-coast. The curve wil
follow the equation y 2 0.57 (sin P4' 4 sin 2 'o). aturally this
relationship can on3y be of an approidmate character. The quantity
of littoral drift depends on many different faotors involving the
steepness ratio of the waves, the beach profile, the beach material,
etc. Laboratory experiments have shown that a variation in the
steepness ratio did not change the value of a4o for which the
littoral drift was a maximum (7).

As stated in Section 3.23 at ma: recurved spite there is a ten.
denay for bumps in the coast to form at 40-500. In moat cases the
shorelines will follow the theoretical form, and one must asaume
that this is due to a concentration of stremlines, of. Fig. 22#
which makes the sine-relationship valid.

3.34 Couarison between different computed equilibrium forms. Below are
given three - fferent equations for the relationship between the
quantity of littoral drift and #o. The oorresponding equilibrium
-orm we shown in Fi. 23.

1. a sin2 maximum at 49

Equilibrim form x 2 2 (sin 2 sin3 o0)
3

: - 2 (oo,, -0  2oog3"o-l )
3

2. asi 0( s sin 2Ao, maxium at 540
2

Equilibrium forms z u -, es n °  o

sin , o * oo o - 2 oO3A o_-1
3

3. ma mu__mno, i o o at 680

Equilibriu formsx, 4. j sin.< 2, o., ,0-,# ,ino • ++ 2 in0)
ti

y (~ oou 2A.o,2 coeo - cos3e40 4

I3



The equilibrium forms are shown in Fig. 23 together with the form
* * sin-Ao (indioated as Curve 0). It will be noted that a current
parallel the y-axis in a positive direction will draw the curves
1, 2 and 3 towards the Curve 0, but this possibly can make the re-
sulting equilibrium form more rounded than the equilibrium form 0.
Naturally this can only explain the development very roughly.

Fig. 24 shows the curves, y 2 sinp<o (full line); y a sin 2o<
(dotted line); and y a 0.*7 (Nino< * sin 2o(0 ) (dot and dash line)'
and morn balok points originating 2rom the Los Angeles District
Engineer Office formula for littoral drift (6, pp. i4-19), i.e.g

as k: wea sinU

U: littoral drift factor, the total amount of sand moved as
littoral drift past a given point per year by waves of given periods
and direction,

w g total work accomplished by all waves of a given period and
direction in deep water during an average year.

w . vave energ coefficient at the breaker line for waves of a
given period and direction. It is the ratio between the distance
betwen orthogonals in deep water and at the shore line.

ekb - angle between wave crests at the breaker line and the shore
lines, or the £ le between orthogonals and the normal to the shore

ko : factor depending on diuinsional unity and empirical rela..
tions, It varies with beach slope, grain sizes and other underter-
mined va ables and has not been evaluated.

One has • - CONa

or
a win 20(b 22 cosp( • wna, b

In Fig, 25 in shown plots for the relationship between sin0
and sin A 0 for t Z 0.04, 0.03, and 0.01, see (4), pp. 398-400.
3ach of the curves can be approximated with astraight line between
00 and about 500. For instance, one has for 20 0 u .O4 sinb
1 ,i o,,.,+.-, ,,aA _- ,b..o _ii gives a

s in a< ; that is, 2 eonAc~ min 1 i l whichgiea
maximum at 4P. Oalculations with a .teepness ratio, : 0.09, give
the black points in Fig. 248 but the other ratios will give almost
the sNe relationship. Thus it appears as though the maximum value
of the littoral drift will occur between 400 and 500. Saville (3,
9) got the saw result in his experiments. The Bulletin of the
Beach Erosion Board (3) states that "The experimnuts indicate, for
the range of angles tested, that the transport rate is dependent
upon the littoral current. Further, the maxium rate of sand trans-
port occurred where the value of the littoral current reached a
maximu value, nmsml at a 430 deep water anglA,"
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. THE DEVEOPHM OF SOME SPITS
S J. A. Steers writes (Ref. II, p. 60) as follows

"Associated with the whole question of wave action and beach-drifting is
another interesting matter first pointed out clearly by Lewis. If an inspec-
tion be made of the main spits of shingle around our coasts on large-scale
maps it is clear that mny of them have a tendency to run somewhat outwards
and away from the maij trend of the coast. This is especially plain in
Cardigan Bay: both Morfa Dyffryn and Morfa Harlech, the two main coastal fore-

lands, are good illustrations, On the east coast, Blakeney Point and Scott
Head Island also exemplify the sam feature. Again, on the south coast, Dunge-
ness and the smaller Hurst Castle spit trend outwards from the coast, and it
would be easy to cite a number of other instances. Many beaches between head-
lands are arranged, too, so as to show a clear tendency to run at right angles
to the main direction of wave approach, a characteristic discussed more fully
below."

The development of Dungeness is very complex (see Ref. 11, pp. 318-331),
but roughly it may be explained as followes

if o is greater than about 5O° the quantity of littoral drift must be
below maximum. Meanwhile the littoral drift is satiated very fast at shingle-
beaches, and the material will deposit if a slight decrease in the littoral
drift forces takes place. As a consequence of this, the shoreline must turn
outward if more material is drifting along the coast. At last the value of
t which gives the maximum littoral drift will be passed and deposition must
take place, giving rise to a sudden turn-out of the shoreline until it is per-
pendicular to the direction of wave propagation as shown in Fig. 26. In this
figure the letters (alphabetic order) show the development of Dungeness (also
see Ref. 12 for some pictures of this area).

A development similar to that mentioned above may take place at any
shingle-beach where the direction of wave propagation is oblique to the
shoreline.

5. OTH COAST-FORMS

The development of some "marine forelands" can be explained as a result
of wave refraction and wave diffractionwith the subsequent lowering of the
steepness ratio of the waves. Figures 27, 28 and 29 show three different
types of marine forelands from the Danish coasts (all are islands). They are
described by Axel Sohou in the book "The Marine Foreland", Copenhagen 1945
(10). Fig. 27 shows recurved spits, Fig. 28 tombolos and Fig. 29 an "angle-
foreland".

Figs. 30, 31 and 32 show forelands developed in the Hydraulic Laboratory
in Copenhagen which correspond to the prototype conditions shown in Figs. 27,
28 and 29. The laboratory basin was 35 ft. long, 15 ft. wide, the water depth
gas 5 in. The wave characteristics were Lo = 4 ft. 4 in., Ho = 2 in. i.e.,
1 L 0.04. The median diameter of the sand was 0.22 m. and the uniformity
Lo
coefficient, D60%/DlO% was about 2. The scale was 1t20 which corresponded to
shingle-beaches along the Danish seas. The form illustrated in Figs. 27 and 30
result from refraction. The forms in Figs. 28 and 31 and Figs. 29 and 32 re-
sult from diffraction and refraction giving a lowering of the st7eopnhss ratio
of the waves.
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The author wishes to express his gratitude to Prof. J. W. Johnson and
research engineer R. L. Wiegel for their helpful interest in preparing
this paper.
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